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a b s t r a c t
Arc-locally semicomplete digraphs were introduced by Bang-Jensen as a common
generalization of both semicomplete and semicomplete bipartite digraphs in 1993. Later,
Bang-Jensen (2004), Galeana-Sánchez and Goldfeder (2009) and Wang and Wang (2009)
provided a characterization of strong arc-locally semicomplete digraphs. In this paper, we
provide a characterization of strong and non-strong arc-locally semicomplete digraphs
which generalizes some results by Bang-Jensen.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
There is no doubt that tournaments are the best studied class of directed graphs [3,7]. The idea of studying digraph classes
which extend the concept of tournaments arises to expand the well-known results on tournaments. They are the so-called
generalizations of tournaments, introduced mainly by Bang-Jensen in several papers.
Particularly, arc-locally semicomplete digraphs were introduced by Bang-Jensen as a common generalization of
semicomplete and semicomplete bipartite digraphs in [1]. In that paper, Bang-Jensen studied some of their characteristics.
Definition 1.1. A digraph is arc-locally semicomplete if, for each arc −→xy , every vertex z ∈ N−(x) is adjacent to every vertex
w ∈ N−(y) for whichw ≠ z and every vertex z ∈ N+(x) is adjacent to every vertexw ∈ N+(y) for whichw ≠ z.
Later, he tried to characterize the strong arc-locally semicomplete digraphs.
Assertion 1.2 (Bang-Jensen [2]). If D is a strong arc-locally semicomplete digraph, then D is an extension1 of a directed cycle, a
semicomplete digraph, or a semicomplete bipartite digraph.
However, Galeana-Sánchez and Goldfeder in [6,5] andWang andWang in [8] independently pointed out that one family
of strong arc-locally semicomplete digraphs was missing.
Consider the digraph Fn with vertex set { x1, x2, . . . , xn } and arc set {(x1, x2), (x2, x1), (x1, x3), (x3, x2)} ∪ {(x1, xi+3),
(xi+3, x2) : i = 1, 2, . . . , n − 3}, where n ≥ 4. It is easy to check that Fn, with n ≥ 4, is a family of strong arc-locally
semicomplete digraphs which is missing from Bang-Jensen’s assertion.
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1 For the definition of the extension of a digraph see the next section.
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Theorem 1.3 (Galeana-Sánchez and Goldfeder [5,6], Wang andWang [8]). If D is a strong arc-locally semicomplete digraph, then
D is an extension of a directed cycle, a semicomplete digraph, a semicomplete bipartite digraph, or isomorphic to Fn.
In this paper, we generalize Bang-Jensen’s results by providing a full characterization of all arc-locally semicomplete
digraphs (see Theorem 3.1).
2. Definitions
For general conceptswe refer the reader to [4]. In this paper,D = (V (D), A(D)) denotes a loopless directed graph (digraph)
with at most one arc from u to v for every pair of vertices u and v of V (D).
For each vertex u in D,N+D (u) (respectively N
−
D (u)) denotes the out-neighbourhood (resp. in-neighbourhood) of u in D.
Furthermore, d+D (u) := |N+D (u)| (resp. d−D (u) := |N−D (u)|) is the out-degree (resp. in-degree) of u in D.
We denote an arc (u, v) in A(D) by u → v, −→uv or ←−vu. If both (u, v) and (v, u) are in A(D), we write this by ←→uv . Two
distinct vertices u and v are adjacent (denoted by uv) if u → v or v→ u. To simplify the notation, we will use combination
of these, as in←−u xy−→v , which denotes that x and y are adjacent, x → u and y → v. An independent set is a set of pairwise
nonadjacent vertices of D. We denote by Em the digraph withm vertices and no arcs.
Let D and E be digraphs. E is a subdigraph of D (denoted by E ≤ D) if V (E) ⊆ V (D) and A(E) ⊆ A(D). If S is a set of vertices
of D, we denote the subdigraph induced by S in D by D[S]. If E is a subdigraph of D, u ∈ V (E) is an interior vertex of E if and
only if d−E (u)d
+
E (u) ≠ 0. Otherwise, it is an exterior vertex of E.
Giving a digraph D, if v is a vertex of D and S is a set of vertices, or a subdigraph of D, S → v denotes that for each vertex
u in S, we have u → v.
Our paths and cycles are not necessarily directed. A walk with no subwalks of length two or greater is said to be an
antidirected walk. A path P is induced in D if D[V (P)] = P . The directed distance between two vertices u and v, denoted by
d(u, v), is defined as the length of the shortest directed (u, v)-path. The directed distance between a vertex u and a set of
vertices S is defined as the length of the shortest directed (u, v)path with v ∈ S.
If D is a digraph, then its underlying graph UG(D) is the graph obtained by replacing each arc of D by an (undirected)
edge joining the same pair of vertices. The (undirected) distance between two vertices in a graph is defined as the minimum
length among all possible paths between these vertices. The (undirected) distance between a vertex u and a set of vertices
S, dUG(D)(u, S), is defined as the minimum distance between u and any vertex in S.
By reversing all the arcs of a given digraphDwe obtain the dual digraphD−1. Notice that the dual digraph of an arc-locally
semicomplete digraph is arc-locally semicomplete. This fact will be very useful to simplify the proofs.
A digraph is said to be strong if for each pair of vertices u, v there exists a directed (u, v)-path. The strong components of
a given digraph D are the maximal strong subdigraphs of D.
A digraph D is k-partite if there exists a k-partition V0, V1, . . . , Vk−1 of the vertex set of D (i.e., ∪k−1i=0 Vi = V (D) and
Vi ∩ Vj = ∅ whenever i ≠ j) such that each Vi is an independent set. It should be noted that Vi in the k-partition can be
empty. If D is k-partite, then P (D) = (V0, . . . , Vk−1) will denote an ordered k-partition of D. If k = 2, then we say that D is
bipartite.
LetD and E be digraphs and let φ : V (D)→ V (E) be a function.We say that φ : V (D)→ V (E) is a digraph homomorphism
whenever u → v in A(D) implies φ(u)→ φ(v) in A(E) and this will be denoted by φ : D → E. This map induces naturally a
function φ∗ : A(D)→ A(E). We say thatD and E are isomorphic (denoted byD = E) if there exists a digraph homomorphism
φ : D → E such that both φ : V (D)→ V (E) and φ∗ : A(D)→ A(E) are bijective maps.
If A and B are two disjoint subsets of vertices of D, we say that A dominates B, A → B, if for each vertex u in A and each
vertex v in B we have u → v and there is no arc from B to A. If P = (V0, . . . , Vk−1) is a fixed ordered k-partition of D, we
say that AP -dominates B according to the ordered k-partitionP , A→P B, if for each vertex u in A∩ Vk and each vertex v in
B ∩ Vl, we have u → v whenever k ≠ l and there is no arc from B to A.
LetD be a digraphwith V (D) = {v0, . . . , vn} and letD0, . . . ,Dn digraphs indexed by V (D). The composition D[D0, . . . ,Dn]
is the digraph C with vertex set V (C) = ∪ni=0(V (Di)× {i}) and, for (w, i), (z, j) in V (C), the arc (w, i)→ (z, j) is in C if
• i = j andw→ z in Di, or
• vi → vj in D.
When each V (Di) is an independent set of vertices, we call C an extension of D.
The previous definition is easily generalizable to obtain a k-partite digraph. Let D be an arbitrary digraph with vertex set
V (D) = {v0, . . . , vn} and let D0, . . . ,Dn be k-partite digraphs with fixed ordered k-partitions P (Di) = (V i0, . . . , V ik−1), the
P -composition according to the ordered k-partition P = (∪ni=0(V i0 × {i}) = V0, . . . , (∪ni=0 V ik−1 × {i}) = Vk−1), denoted by
D[D0 . . . ,Dn]P , is the digraph C with vertex set V (C) = ∪k−1i=0 Vi and, for (w, i), (z, j) in V (C), the arc (w, i) → (z, j) is in
A(C) if
• i = j andw→ z in Di, or
• w ∈ V ik, z ∈ V jl with k ≠ l and−→vivj in D.
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Notice that C depends on the choice of each ordered k-partition P (Di). It is easy to see that C is k-partite. Taking each Di as
a subdigraph of D[D0, . . . ,Dn]P , we have that V (Di)→P V (Dj) if and only if vi → vj in D.
C∗3 denotes the digraph with vertex set {v1, v2, v3} and arc set {(v1, v2), (v2, v3), (v3, v1), (v3, v1)} and TT3 denotes the
transitive 3-tournament with vertex set {u1, u2, u3} and arc set {(u1, u2), (u2, u3), (u1, u3)}.
3. Main result
The main achievement of this paper is to give the following characterization whose proof is given in the following
sections.
Theorem 3.1. Let D be a connected digraph; D is an arc-locally semicomplete digraph if and only if D is one of the following:
(1) a digraph with at most three vertices,
(2) a subdigraph of an extension of one arc,
(3) a semicomplete bipartite subdigraph of
−→
P2 [Em0 ,
−→
C2 [Em1 , Em2 ], Em3 ]P ,m1 = 1 and if m2 > 1, then the partition is
P = (Em1 , Em0 ∪ Em2 ∪ Em3),
(4) C∗3 [E1, En, E1],
(5) TT3[E1, En, E1],
(6) an extension of a directed path or an extension of a directed cycle,
(7)
−→
P2 [Em0 ,D′, Em2 ]P ≤ D ≤ TT3[Em0 ,D′, Em2 ]P , where D′ is a semicomplete bipartite digraph (it could have no arcs),
(8)
−→
P2 [E1,D′, E1], where D′ is a semicomplete digraph,
(9) a semicomplete bipartite digraph, or
(10) a semicomplete digraph.
4. Structure of arc-locally semicomplete digraphs
The extensions of directed paths and directed cycles are important because, as we shall see below, they are arc-locally
semicomplete. Furthermore, it is useful to divide the class of arc-locally semicomplete digraphs into two cases, based on
whether such extensions are present or not. But first we have to clarify what it means that such an extension is present in
the structure of a digraph.
4.1. Extended directed walks and {L±2 ,L3}-free digraphs
Definition 4.1. A directed (u, v)-walk is extended if d−(u)+ d+(v) = 0 or v→ u.
Definition 4.2. If P = (x0, . . . , xn) is a directed walk, we say that P is almost-induced if (x0, . . . , xn−1) and (x1, . . . , xn) are
induced walks.
If D is an extension of a directed path or a directed cycle, we can find an almost-induced extended walk in D. This walk
is indeed the directed path or the directed cycle on which D stands.
The following lemma states well-known facts about extensions of directed paths and cycles.
Lemma 4.3. The following statements are equivalent:
(1) D is an extension of a non-trivial directed path or a directed cycle.
(2) There exists:
• a non-trivial induced directed path P = (x0, . . . , xn) with d−(x0)+ d+(xn) = 0 or
• an induced directed cycle P = (x0, . . . , xn = x0)
and a unique digraph homomorphism φP : D → P surjective onto vertices and arcs such that, for any−→uv in P, we have that
φ−1P (u) dominates φ
−1
P (v) in D.
(3) i. D is not trivial,
ii. if D is not strong, then all the strong components of D are trivial and all the directed walks of D are induced,
iii. let Q be an extended almost-induced directed path in D; any directed walk in D is extended and almost-induced if and
only if it has the same length as Q , and
iv. let w be any vertex in D, if d−(w)d+(w) ≠ 0, then there are at least two arcs betweenw and any extended directed walk,
otherwise there is at least one arc.
As a corollary, we obtain the following result by Bang-Jensen.
Corollary 4.4 (Bang-Jensen [2]). The extensions of directed paths and directed cycles are arc-locally semicomplete.
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Three subdigraphs play a crucial part in what follows. These are the three graphs illustrated in Fig. 1.
Fig. 1. Crucial subdigraphs.
It is said that L±2 is a subdigraph of D if L
+
2 or L
−
2 is a subdigraph of D. It is said that D is {L±2 ,L3}-free if D has no
subdigraph isomorphic toL+2 ,L
−
2 orL3.
To simplify the proof, we divide the class of arc-locally semicomplete digraphs into those that are {L±2 ,L3}-free and
those that are not.
Bang-Jensen proved that every vertex in an arc-locally semicomplete digraph is adjacent to every directed cycle. We can
get an extended directedwalk from a directed cycle by removing one arc but some extended directedwalks are not obtained
from directed cyles. We generalize Bang-Jensen’s results: every vertex in an arc-locally semicomplete digraph is adjacent to
every extended directed walk.
Lemma 4.5 (Bang-Jensen [2]). Let D be a connected arc-locally semicomplete digraph and let D′ be any non-trivial strong
subdigraph of D. Any vertex x ∈ V (D)− V (D′) is adjacent to some vertex in V (D′).
Lemma 4.6. Let D be a connected arc-locally semicomplete digraph. Any vertex is adjacent to:
i. any extended directed walk P with |A(D[V (P)])| ≥ 2,
ii. any transitive 3-tournament and
iii. at least one interior vertex of anyL3 in D.
Proof. Let us prove the first statement. Let T = (x0, . . . , xn) be any extended directed walk and take w any vertex in D;
there are two cases: there exists or not−→xnx0.
If−→xnx0, we are done by Lemma 4.5.
Then suppose that −→xnx0 is not in A(D), thus T cannot induce a symmetric arc and we have that n ≥ 2. Suppose
dUG(D)(w, T ) ≥ 2. Take P = (w = y0, . . . , ym = xj) a minimum length (w, T )-path with j ∈ {0, . . . , n}. First suppose
that j = 0;←−−−ym−1x0 because T is extended. Then←−−ym−1−→x0x1−→x2 implies that ym−1x2. If−−−−−→ym−2ym−1 (respectively←−−−−−ym−2ym−1), then−−→ym−2ym−1x2←−x1 (resp. ←−−ym−2←−−−ym−1x0−→x1 ); therefore ym−2x1, which contradicts the choice of P and thus j ≠ 0. Moreover, we
can suppose j ≠ n since if j = n, we will have −−→ym−1←−−−xnxn−1←−−xn−2 (−−−→ym−1xn since T is extended). Therefore ym−1xn−2. Then
T [y0, ym−1] ∪ −−−−−→ym−1xn−2 is a (w, T )-path in UG(D) that has the same length as T but which ends in xn−2 not in xn. Thus
0 < j < n. Suppose without loss of generality that−−−→ym−1xj. If−−−−−→ym−2ym−1 (respectively←−−−−−ym−2ym−1), then−−→ym−2−−−→ym−1xj←−xj−1 (resp.←−−ym−2−−−→ym−1xj−→xj+1). Since D is arc-locally semicomplete, we have ym−2xj−1 (resp. ym−2xj+1), which contradicts the choice of P .
Therefore dUG(D)(w, T ) ≤ 1.
Now we prove the second statement; take a transitive 3-tournament TT3 in D given by
−→c1c2,−→c1c3,−→c2c3. Suppose
dUG(D)(w, TT3) ≥ 2. Take P = (w = y0, . . . , yn = cj) a (w, TT3)-path of minimum length for some j ∈ {1, 2, 3}. First
suppose j = 2. If−−−−−→yn−2yn−1 (respectively←−−−−−yn−2yn−1) then−−→yn−2yn−1c2←−c1 (resp.←−−yn−2yn−1c2−→c3 ). Therefore yn−2c1 (resp. yn−2c3),
since D is arc-locally semicomplete, which is a contradiction. Without loss of generality suppose j = 1. If −−−→yn−1c1, then−−→yn−1−→c1c3←−c2 . Thus yn−1c2 since D is arc-locally semicomplete, which refers us to previous case. If←−−−yn−1c1, then←−−yn−1−→c1c2−→c3 .
Therefore yn−1c3. If−−−−−→yn−2yn−1 (respectively←−−−−−yn−2yn−1), then we will have−−→yn−2yn−1c3←−c2 (resp.←−−yn−2←−−−yn−1c1−→c2 ). Hence yn−2c2, a
contradiction. Therefore dUG(D)(w, T3) ≤ 1.
Now take L3 in D given by
−−−→m0m1,−−−→m1m2,−−−→m2m3 and −−−→m0m3. Suppose that dUG(D)(w,L3) ≥ 2 and let P = (w =
y0, . . . , yn = mj) be a (w,L3)-path of minimum length for some j ∈ {0, 1, 2, 3}. First suppose j = 1, 2. If −−−−−→yn−2yn−1
(respectively←−−−−−yn−2yn−1), then −−→yn−2yn−1mj←−−mj−1 (resp.←−−yn−2yn−1mj←−−mj+1). Thus yn−2mj−1 (resp. yn−2mj+1) since D is arc-locally
semicomplete, which is a contradiction. Without loss of generality suppose j = 0. If −−−−→yn−1m0 (respectively ←−−−−yn−1m0) then−−→yn−1−−−→m0m3←−m2 (resp. ←−−yn−1−−−→m0m1−→m2). Hence yn−1m2, since D is arc-locally semicomplete, which led us to the previous case.
Finally, we are left to show that w is adjacent to one interior vertex of L3. Suppose without loss of generality that w is
adjacent tom0. If
−−→
wm0 (respectively
←−−
wm0), then−→w−−−→m0m3←−m2 (resp.←−w−−−→m0m1−→m2) implies thatw andm2 are adjacent. Therefore
dUG(D)(w, {m1,m2}) ≤ 1 and dUG(D)(w,L3) ≤ 1. 
Corollary 4.7. Let D be a non-strong connected arc-locally semicomplete digraph. If D hasmore than one initial strong component
(respectively terminal) then they are trivial.
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Proof. Suppose that D has at least one initial strong (respectively terminal) component, D′. Then the other vertices are
adjacent to D′. Therefore D has no other initial (resp. terminal) strong component. 
Corollary 4.8. Let D be a connected arc-locally semicomplete digraph. If D hasL±2 (given by
−→c1c2,−→c2c3,−→c1c3 with−→zc1 or −→c3z) as
a subdigraph, then for each vertexw ∈ V (D) we havewc2.
Proof. Suppose −→c1c2,−→c2c3,−→c1c3 and, without loss of generality, −→zc1. Take w in V (D); w is adjacent to some vertex in
{c1, c2, c3} by Lemma 4.6. Thus we have three cases.
(i) Ifwc2, then we are done.
(ii) Supposewc1. First suppose
−→
wc1. Then−→w−→c1c3←−c2 implies that wc2. Particularly we have zc2 since−→zc1, as in the previous
assertion. Now suppose ←−wc1. Then ←−c3←−c2c1−→w . Therefore c3w. If −→zc2 or −→c3w, then we will have ←−c2−→zc1−→w or ←−c2−→c1c3−→w .
Therefore c2w. Suppose
←−zc2 and←−c3w. It follows from←−z ←−c2c1−→c3 that zc3. Therefore−→c2 zc3←−w , and then c2w.
(iii) Finally supposewc3. If
←−
wc3, then←−w←−c3c1−→c2 . Thuswc2. Otherwise−→wc3,−→w←−c3c2←−c1 . And thenwc1 as in (ii). 
Lemma 4.9. Let D be a connected arc-locally semicomplete digraph. If D is a non-bipartite (respectively is a bipartite) digraph
and D hasL±2 (resp.L3) as a subdigraph, then for any two vertex (resp. from different parts) u, v such that
d+(u)d−(u)+ d+(v)d−(v) ≠ 0,
then u and v are adjacent.
Proof. First suppose that D is not a bipartite digraph. Without loss of generality we can suppose that D has L+2 , given by−→c0c1,−→c1c2,−→c2c3,−→c1c3, as subdigraph. Take vertices u, v inD such that d+(u)d−(u)+d+(v)d−(v) ≠ 0. Then there exist vertices
z0, z1 such that
−→z0u and −→uz1. Corollary 4.8 implies that there exist uc2 and vc2. First suppose c2 ≠ z0, z1. Then there exist
z0c2 and z1c2 by Corollary 4.8. If
−→
vc2 (respectively
←−
vc2), then −→v c2z1←−u (resp.←−v c2z0−→u ). Therefore uv. Otherwise suppose
c2 = z0. If−→vc2, it follows as in the previous case. So we can assume←−vc2;←−c3−→c1c2−→u implies that c3u. If←−c3u, then D[c1, c2, u, c3]
hasL+2 as subdigraph. Corollary 4.8 implies that vu since u play the role of c2. In other case we have
−→c3u;←−u ←−c3c2−→v implies
that uv. Finally suppose c2 = z1. If←−vc2, it follows as in the first case. So suppose−→vc2; v and c1 are adjacent since c1 satisfies
the conditions of the first case. If −→vc1, then −→v −→c1c2←−u . Therefore uv. In other case we have←−vc1. Since z0 and c1 satisfy the
conditions of the first case, they are adjacent. Hence←−v c1z0−→u , therefore uv.
We prove the second case. Suppose that D is a bipartite digraph such that D contains L3 as a subdigraph,−−−→m0m1,−−−→m1m2,−−−→m2m3,−−−→m0m3 in D. Take vertices u, v ∈ D from different parts. u, v are adjacent to, at least, an interior vertex
of L3 by Lemma 4.6. Suppose that um1 and vm2 without loss of generality since D is a bipartite digraph and the vertices
are from different parts. Suppose by hypothesis and without loss of generality that there exist z0, z1 such that
−→z0u and −→uz1.
First take m1 ≠ z0, z1; z0m2 and z1m2 by Lemma 4.6 since m2 and u are in different parts. If −−→vm2 (respectively←−−vm2), then−→v m2z1←−u (resp.←−v m2z0−→u ). Thus uv. Finally suppose, without loss of generality, m1 = z0. If−−→vm2, then it follows as in the
previous case. In other case we have←−−vm2, then←−u −−−→m1m2−→v . Therefore uv.
If z0 = z1, then proof is the same. 
Corollary 4.10 (Bang-Jensen [1]). Let D be a non-strong connected arc-locally semicomplete digraph. If every vertex of D is in
some directed cycle, then D is a semicomplete or semicomplete bipartite digraph.
Proof. Observe that if any vertex of D is in some directed cycle, then the condition of Lemma 4.9 is satisfied. 
4.2. Structure of {L±2 ,L3}-free arc-locally semicomplete digraphs
Recall that Em is a digraph withm vertices and no arcs.
Lemma 4.11. Let D be a connected arc-locally semicomplete digraph with at least four vertices, D is {L±2 ,L3}-free if and only if
D is
(1) C∗3 [E1, En, E1] or
(2) a semicomplete bipartite subdigraph of
−→
P2 [Em0 ,
−→
C2 [Em1 , Em2 ], Em3 ]P in which
−→
P2 is the directed 2-path with m1 = 1 and if
m2 > 1, then the ordered partition is P = (Em1 , Em0 ∪ Em2 ∪ Em3).
Proof. First we prove the sufficient condition. By hypothesis D has at least four vertices and one symmetric arc, say←→uv ; V (D) = N(u) ∪ N(v) by Lemma 4.6 since −→uv is an extended directed walk. Set U− := N−(u) − {v},U+ :=
N+(u)− {v}, V− := N−(v)− {u} and V+ := N+(v)− {u}.
We will show that U− ∪ U+ is an independent set of vertices. Suppose there exist p ∈ U− and q ∈ U+ such that pq,
then we have two cases depending on if D[p, q, u] has−→C3 or TT3 as a subdigraph. In the first case,−→q −→pu←−v implies that qv.
Therefore D[q, p, u, v] has L±2 and L3 (the orientation of qv does not matter) as subdigraphs, which is a contradiction. In
the second one, D[p, q, u, v] containsL±2 , which is a contradiction. Analogously, V− ∪ V+ is an independent set of vertices.
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Finally, we show that there exist no arc between U− ∪ U+ and V− ∪ V+. Suppose that there exist p ∈ U− ∪ U+ and
q ∈ V− ∪ V+ such that pq. We will prove that D[p, q, u, v] hasL3 as a subdigraph. If (u, p, q, v) or (v, q, p, u) is a directed
path, we know that−→uv or←−uv , then we haveL3 as a subdigraph, which is a contradiction. If the sequence of adjacent vertices
u, p, q, v contains a directed subpath of length two, without loss of generality suppose that (u, p, q) is a directed path,
choosing an adequate arc between u and u together with vq. Finally, if u, p, q, v is antidirected, suppose without loss of
generality that←−up,−→pq,←−qv , with−→uv we obtainL3. Thus D[p, q, u, v] containsL3, which is a contradiction.
Now, let us consider two cases: (N(u) ∩ N(v))− {u, v} is empty or not.
First case. If there is p ∈ (N(u) ∩ N(v)) − {u, v}, then we have two cases: −→up,−→vp or −→up,−→pv (the other two possibilities
hold without loss of generality).
Suppose−→up and−→vp. SinceD has at least four vertices, there exists q such that qv or qu. Without loss of generality, suppose
qu. If −→qu , then D[q, u, v, p] contains L+2 as a subdigraph, which is a contradiction. Otherwise, if←−qu , then←−q ←→uv −→p and qp.
Therefore D[q, p, u, v] containsL±2 , which is a contradiction.
Now suppose −→up and −→pv . There is, at least, other vertex in D. If it exists q such that −→qu or −→vq, then D[q, p, u, v] contains
L±2 as a subdigraph. Thus for each x ∈ V (D)−{u, v, p}we have−→ux or−→xv ; but we have←−x −→up−→v or−→x ←−vp←−u , then always we
have both arcs. Therefore D = C∗3 [E1, V (D)− {u, v}, E1].
Second case. Finally suppose (N(u) ∩ N(v)) − {u, v} = ∅. If U+ ≠ ∅, then V+ = ∅, otherwise p ∈ U+ and q ∈ V+, thus←−p ←→uv −→q and therefore pq, which is a contradiction. By symmetry, V+ ≠ ∅ implies U+ = ∅. Analogously, with U− and V−.
We know that U− ∪ U+ ∪ V− ∪ V+ = V (D) − {u, v}. By the previous arguing, U+ ≠ ∅ ≠ V− implies U− = ∅ = V+,
and U− ≠ ∅ ≠ U+ implies V+ = ∅ = V−, analogously interchanging U, V since←→uv is a symmetric arc. So we can consider
without loss of generality only two cases: V+ = ∅ = V− and U− = ∅ = V+. In the first one take Em2 = {w ∈ V (D) :←→uw}, Em0 = U− − Em2 and Em3 = U+ − Em2 with P (Em0) = (∅, Em0),P (
−→
C2 [E1, Em2 ]) = (E1, Em2) and P (Em3) = (∅, Em3).
Thuswe have thatD is
−→
C2 [E1, Em2 ],
−→
P1 [Em0 ,
−→
C2 [E1, Em2 ]]P ,
−→
P1 [−→C2 [E1, Em2 ], Em3 ]P or
−→
P2 [Em0 ,
−→
C2 [E1, Em2 ], Em3 ]P , sinceD has
at least four vertices and depending on which of the previous vertex sets are empty. In the second one take Em0 = U+ and
Em1 = U+ with P (Em0) = (Em0 ,∅) and P (Em1) = (∅, Em1). Thus D =
−→
P2 [Em0 ,
−→
C2 , Em1 ]P .
For the necessary case, it is clear that all the digraphs listed are arc-locally semicomplete and {L±2 ,L3}-free. 
Proposition 4.12. Let D be a connected arc-locally semicomplete digraph, {L±2 ,L3}-free and with no symmetric arc. If D is not
strong, then all its strong components are trivial.
Proof. By contrapositive. Suppose that D has at least one strong component non-trivial different from D and let D′ be such
a component; D′ has a directed cycle of length at least three since D has no symmetric arcs. Let C = (x0, . . . , xm = x0) be
such a cycle. Take w ∈ V (D) − V (D′). By Lemma 4.6 there exists j such that wxj. Without loss of generality suppose −→wxj.
Thus−→w←−−xjxj−1←−xj−2 (jmodulom). Then−−−→wxj−2 because D′ is arc-locally semicomplete and a strong component of D. Therefore
D[w, xj−2, xj−1, xj] containsL3 as a subdigraph, which is a contradiction. 
Lemma 4.13. Let D be a connected arc-locally semicomplete digraph with no symmetric arc. D is {L±2 ,L3}-free if and only if D
is either (1) a subdigraph of an extension of an arc, or (2) TT3[E1, En, E1], or (3) an extension of a directed cycle of length at least
three or an extension of a directed path of length at least two.
Proof. First we prove the sufficient condition; suppose that D has no directed paths of length two. Therefore D is a
subdigraph of an extension of an arc.
Otherwise D has at least one directed path of length two. If D is not strong then all its strong components are trivial by
Proposition 4.12.
We claim that D has an almost-induced extended directed walk of length at least two. If D has a directed cycle, deleting
one arc from a minimum length directed cycle we obtain an almost-induced extended directed walk of length at least two.
Otherwise, D has no directed cycles. If the maximum length of an induced directed path is one, then take P = (x0, x1, x2) a
directed path of length two (this exists by assumption). P cannot be induced andD has no directed cycles, therefore x0 → x2.
If d−(x0) + d+(x2) ≠ 0 then D is not {L±2 }-free, thus d−(x0) + d+(x2) = 0 and P is an almost-induced extended directed
walk. Finally, if there exist induced directed paths of length at least two, a maximum one is an almost-induced directed
walk.
Take P = (x0, . . . , xn) an almost-induced extended directed walk of length at least two. By Lemma 4.6, each vertex of D
is adjacent to P . Thus we can define
φP : V (D)→ V (P)
such that if φP(w) = xj, then−−−→xj−1w or−−−→wxj+1. Wewill show that always we have both arcs (whenever the respective vertices
exist in P) and that φP is unique.
Takew ∈ V (D)− V (T ). Suppose−−−→xj−1w with j ∈ {0, . . . , n}. We will prove that there is−−−→wxj+1 (whenever xj+1 exists). If P
is a cycle, take jmodulo n. We have←−w−−→xj−1xj−→xj+1, thuswxj+1. If←−−−wxj+1, then D[w, xj−1, xj, xj+1] hasL3 as a subdigraph, which
is a contradiction. Therefore−−−→wxj+1. Analogously, if we have−−−→wxj+1 and there is xj−1, then−−−→xj−1w.
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Wewill prove that there are no i, j ∈ {0, . . . , n}with i < j such that−→wxi and−→wxj. Suppose that there exist such vertices.
By the previous arguing, there exist−−−→xi−2w and−−−→xj−2w if there exist xi−2 or xj−2 (the last always exists because P is extended
and therefore j > i > 0). Consider three cases: j = i+ 1, j = i+ 2 and j > i+ 2.
• First suppose j = i+ 1. Thus we have−−−→xj−2w,−→wxi,−→xixj and−→wxj, i.e.,L+2 is a subdigraph of D, which is a contradiction.
• If j = i+ 2, then−→wxi,−−→xixi+1,−−→xi+1xj and−→wxj, i.e.,L3 is a subdigraph of D, which is a contradiction.
If P has length three, the previous cases are sufficient. So suppose that P has no length three.
• If j > i+ 2, then we have←−xi+1←−xiw−→xj . Thus xi+1xj, but P is almost-induced, which is a contradiction.
It follows that φP is unique.
For any j ∈ {0, . . . , n}, φ−1P (xj) is an independent set of vertices of D. Otherwise, we have u, v ∈ φ−1P (xj) for some j such
that−→uv . Thus D[xj−1, u, v, xj+1],D[xj−2, xj−1, u, v] or D[u, v, xj+1, xj+2] (take jmodulo n+ 1 whenever exists−→xnx0) contains
L±2 as a subdigraph.
If u ∈ φ−1P (xj) and v ∈ φ−1P (xj+1), then−→uv . Without loss of generality suppose xj+2 (take jmodulo n+ 1 if there is−→xnx0).
Thus−→u −−−−→xj+1xj+2←−v . Since D is {L±2 ,L3}-free,−→uv .
First suppose that P has length two and there is−→x0x2;φ−1P (x0) = x0 and φ−1P (x2) = x2, since if u ≠ x0 and u ∈ φ−1P (x0),
then−→x0←−x2x1←−u , therefore x0u, which is a contradiction. Thus D = TT3[E1, φ−1P (x2), E1].
Otherwise, φP determines a digraph homomorphism from D onto P (respectively onto P ∪ −→xnx0) surjective onto vertices
such that φ−1P (xj)→ φ−1P (xj+1). By Clause (2) of Lemma 4.3, D is an extension of a directed path of length at least two or a
directed cycle of length at least three.
Now we prove the necessary condition. If D is a subdigraph of an extension of a directed cycle or TT3[E1, φ−1P (x2), E1],
then D clearly is arc-locally semicomplete and {L±2 ,L3}-free. Otherwise, by Clause (2) of Lemma 4.3 there exists an almost-
induced extended directed path P = (x0, . . . , xn) of length at least two and a digraph homomorphism φP : D → P . But
there are no digraph homomorphisms fromL±2 orL3 to P , therefore D is {L±2 ,L3}-free. 
Proposition 4.14. Let D be a connected arc-locally semicomplete digraph. If D is a non-bipartite and not {L±2 ,L3}-free digraph,
then D hasL±2 as a subdigraph.
Proof. Suppose thatD hasL3 as a subdigraph. Take−−−→m0m1,−−−→m1m2,−−−→m2m3 and−−−→m0m3. Lemma4.6 implies that any vertex inD is
adjacent to at least one interior vertex ofL3 : m1 orm2. ThusN(m1)∪(N(m2)−N(m1)) = V (D);D is not a bipartite digraph
by hypothesis, then N(m1) or N(m2) are not independent vertex sets. Whitout loss of generality suppose that u, v ∈ N(m1)
and uv.
If −→um1,−−→vm1 or←−um1,←−−vm1, then D[m0,m1, u, v],D[u, v,m1,m2] or D[m1, u, v,m3] has L±2 as a subdigraph. Thus we can
suppose, without loss of generality, that−→m1u and←−−m1v.
(∗) If {u, v} ⊆ {m0,m2,m3}, then D[m0,m1,m2,m3] hasL±2 as a subdigraph. Let us prove that assertion. It is enough to
consider two cases: either m3 ∈ {u, v} or m3 ∉ {u, v}. In the first one, it is easy to check that D[m0,m1,m2,m3] contains
L±2 as a subdigraph since there are
−→um1 and−−→vm1. In the second one, it follows from the hypothesis that {u, v} = {m0,m2}.
Since u and v are adjacent, it follows that m0 and m2 are adjacent. Hence, we have
−→m1m0m2←−m3. Therefore m1m3 and then
D[m0,m1,m2,m3] containsL±2 as a subdigraph, as in the previous one.
So we can suppose that {u, v} ∩ {m1,m3} = ∅. Thus it is enough to check only two cases:m0 ∉ {u, v} orm2 ∉ {u, v}.
• Suppose that m0 ∉ {u, v}. Suppose−→uv (respectively←−uv), thus−→u −−→vm1←−m0 (resp.−→v ←−um1←−m0), then um0 (resp. vm0). If←−um0,
then D[m0,m1, u, v] (resp. D[v,m0,m1, u]) contains L±2 as subdigraph. Otherwise we have −→um0,←−m0←−um1−→m2 and then
m0m2, which follows as in (∗).
• Suppose that m2 ∉ {u, v}. Suppose−→uv (respectively←−uv), thus←−v ←−um1−→m2 (resp.−→u −−→vm1−→m2), then vm2 (resp. um2). If−−→vm2,
then D[u, v,m1,m2] (resp. D[m1,m2, u, v]) contains L+2 as a subdigraph. Otherwise we have←−−vm2 and then←−m1←−−vm2←−m3.
Thereforem1m3, and it follows as in (∗). 
Notice that Lemmas 4.11 and 4.13 characterize arc-locally semicomplete digraphs that are {L±2 ,L3}-free.
4.3. Structure of non-{L±2 ,L3}-free arc-locally semicomplete digraphs
Proposition 4.15. If D is a semicomplete digraph (respectively semicomplete bipartite) and D has at least four vertices (resp. D
is not (2) from Lemma 4.11 or (1) or (3) from Lemma 4.13), then D is not {L±2 ,L3}-free.
Proof. By contradiction. Suppose that D is a semicomplete digraph (respectively semicomplete bipartite digraph), with at
least four vertices and that D is {L±2 ,L3}-free.
First suppose that D is a semicomplete digraph. Then it has a directed path of length at least three. But the only non-
bipartite arc-locally semicomplete digraphs with a directed path of length at least three are extensions of directed paths
and directed cycles by Lemmas 4.11 and 4.13. They have independence number at least two when they have at least four
vertices, which is a contradiction.
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Now suppose that D is a bipartite digraph. If D has a symmetric arc, then D is as in (2) from Lemma 4.11 since D is
{L±2 ,L3}-free and has at least four vertices. If D has no symmetric arcs, then D is as in (1) or (3) from Lemma 4.13 because
D is {L±2 ,L3}-free. Otherwise, D is not {L±2 ,L3}-free. 
Corollary 4.16. If D is a non-bipartite connected arc-locally semicomplete digraph and not {L±2 ,L3}-free, then D has only one
initial strong component and only one terminal strong component.
Proof. By contradiction. Suppose that D has more than one initial strong component (respectively terminal), thus these are
trivial by Corollary 4.7, let x0, . . . , xn denote them. Since D is not bipartite, D has L±2 as a subdigraph by Proposition 4.14,
take −→c0c1,−→c1c2,−→c2c3, and −→c1c3. For i, j ∈ {0, . . . , n} with i < j,−→xic2,−→xjc2 (resp. ←−xic2,←−xjc2) by Corollary 4.8. Thus −→xj −→c2c3←−c1
(resp.←−xj ←−c2c1−→c3 ). Since xj is initial (resp. terminal)−→xjc1 (resp.←−xjc3). We have−→xi ←−c2c1←−xj (resp.←−xi −→c2c3−→xj ). Then xixj, which is a
contradiction. 
Corollary 4.17. Let D be a connected arc-locally semicomplete digraph with at least one directed path of length four; D is
{L±2 ,L3}-free if and only if any extended directed walk of minimum length is almost-induced.
Proof. Weprove the necessary condition by contrapositive, suppose thatDhasL±2 orL3 as a subdigraph. Take any extended
directed walk of length at least four (by hypothesis there exists such a walk) P = (x0, . . . , xn). Then there exists x0x3 by
Lemma 4.9, therefore the walk is not induced.
For the sufficient condition suppose that D is {L±2 ,L3}-free. Then D is an extension of a directed path or a directed cycle
by Lemma 4.13. By Clause (3)iii of Lemma 4.3 the result holds. 
Corollary 4.18 (Bang-Jensen [2]). Let D be a strong arc-locally semicomplete digraph. If D has an induced directed cycle of length
at least five then D is an extension of a directed cycle.
Theorem 4.19. Let D be a connected non-bipartite digraph; D satisfies the following assertions:
i. D is an arc-locally semicomplete digraph,
ii. if D has at least four vertices, then it is not {L±2 }-free, and
iii. if the initial and terminal strong components of D are trivial, then these are adjacent (respectively these are not adjacent)
if and only if D is a semicomplete digraph (resp. D is
−→
P2 [E1,D′, E1] where D′ is a non-trivial semicomplete digraph).
Proof. First we prove the necessary condition, since D is non-bipartite, it has at least three vertices. If D has exactly three
vertices, thenwe are done. Thus suppose that it has at least four vertices. HenceD hasL±2 as a subdigraph by hypothesis. So it
follows from Corollaries 4.7 and 4.16 that D has only one initial strong component and only one terminal strong component,
let these be denoted by D0 and Dn, respectively. For any internal vertex u in Dwe have that
d−(u)d+(u) ≠ 0. (∗)
Thus D′ = D[V (D)− {V (D0)∪ V (Dn)}] is semicomplete by Lemma 4.9. This lemma also implies that D0 → D′ and D′ → Dn
becauseD0 andDn are the initial and terminal components, respectively. IfD0, orDn is non-trivial, then its vertices satisfy the
condition (∗) and thenD is semicomplete by Lemma 4.9. If both components are trivial but adjacent, thenD is semicomplete.
Otherwise we have D0 → D′, and D′ → Dn. Then D = −→P2 [E1,D′, E1];D′ is non-trivial because D is a connected non-bipartite
digraph.
Nowwe prove the sufficient condition, take D a semicomplete digraph. Clearly it is an arc-locally semicomplete digraph.
If its initial and terminal strong components are trivial, then these are adjacent. If D has at least four vertices then D is not
{L±2 ,L3}-free by Proposition 4.15. SinceD is a non-bipartite digraph,D is not {L±2 }-free by Proposition 4.14. Finally suppose
that D is
−→
P2 [E1,D′, E1]. It is clear that such digraph is arc-locally semicomplete. By Lemma 4.13 and Proposition 4.14, D is
not {L±2 }-free. 
Theorem 4.20. Let D be a digraph; D satisfies the following two statements:
a. D is a connected, bipartite, arc-locally semicomplete digraph, and
b. if D is {L±2 ,L3}-free, then it is
i. a semicomplete bipartite subdigraph of
−→
P2 [Em0 ,
−→
C2 [Em1 , Em2 ], Em3 ]P where
−→
P1 is the directed path of length two, m1 = 1
and if m2 > 1, then the partition is P = (Em1 , Em0 ∪ Em2 ∪ Em3),
ii. an extension either of a directed 1-, 2-path or of a directed 4-cycle
if and only if D is semicomplete bipartite or there exists a semicomplete bipartite digraph D′ (it could have no arcs) such that−→
P2 [Em0 ,D′, Em2 ]P ≤ D ≤ TT3[Em0 ,D′, Em2 ]P .
Proof. First we prove the sufficient condition. If D is {L±2 ,L3}-free, note that in clause i,
−→
C2 [Em1 , Em2 ] is a semicomplete
bipartite digraph. If D is a semicomplete bipartite subdigraph of
−→
P2 [Em0 ,
−→
C2 [Em1 , Em2 ], Em3 ]P or any of the digraphs of the
second case, then it is a semicomplete bipartite digraph. Suppose that D is not {L±2 ,L3}-free, take−→c0c1,−→c1c2,−→c2c3 and−→c0c3.
Let D0, . . . ,Dp denote (respectively Dq, . . . ,Dn) the initial (resp. terminal) strong components of D with D′0 = ∪pi=0 Di,
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Fig. 2. P⃗2[E1,D′, E1]P .
and D′n = ∪ni=q Di. If D has more than one initial or terminal strong component, these are trivial by Corollary 4.7. By
Lemma 4.6, all the initial components are adjacent either to c1 or to c2 but they are not adjacent to both, otherwise they
would be not initial or not terminal because D is arc-locally semicomplete. Analogously for the terminal components. If
any of the initial or terminal (D′0 or D′n, respectively) strong components is non-trivial, then by Lemma 4.6 is unique, and
by Lemma 4.9 we have that P -dominate or is P -dominated by {c1, c2}. Thus D′0→P {c1, c2}, and {c1, c2}→P D′n. Take
D′ = D[V (D) − {V (D′0) ∪ V(D′n)}]. Any vertex u ∈ V (D) − {V(D′0) ∪ V(D′n)} satisfies that d−(u)d+(u) ≠ 0 (in D), then
D′0→P D′→P D′n by Lemma 4.9. If D′0 or D′n is a non-trivial strong component, then D′0→P D′n by Lemma 4.9. Thus D is
a semicomplete bipartite digraph. Otherwise, we have
−→
P2 [Em0 ,D′, Em2 ]P ≤ D with Em0 = D′0, and Em2 = D′n (see Fig. 2).
Since D is a bipartite digraph, also we have D ≤ TT3[Em0 ,D′, Em2 ]P .
Now we prove the necessary condition,
−→
P2 [Em0 ,D′, Em2 ]P is a semicomplete bipartite and arc-locally semicomplete
digraph. If D is {L±2 ,L3}-free, then by Lemma 4.11 or 4.13 we are done. 
5. Conclusions
Now we can give the proof of Theorem 3.1.
Proof of Theorem 3.1. Let D be a connected arc-locally semicomplete digraph.
Suppose that D is a {L±2 ,L3}-free digraph. If D has not more than three vertices, then D is as in (1). Otherwise, D has at
least four vertices. If D has a symmetric arc, then by Lemma 4.11 D is as in (3) or (4). Otherwise, D has no symmetric arcs
and then D is as in (2), (5) or (6) by Lemma 4.13.
Nowsuppose thatD is not {L±2 ,L3}-free. IfD is not bipartite, thenbyProposition 4.14D is not {L±2 }-free. By Corollary 4.16
and by Theorem 4.19, D is as in (8) or (10). If D is bipartite, then by Theorem 4.20 is as in (7) or (9).
Now we prove the necessary condition. All the enumerate digraphs are connected. If D is as in (1) or (2), then D is
arc-locally semicomplete. IfD is as in (6), by Corollary 4.4 is arc-locally semicomplete. IfD is as in (4), (5), (8) or (10), then it is
arc-locally semicomplete by Theorem 4.19. Finally, if D is as in (3), (7) or (9), D is arc-locally semicomplete by
Theorem 4.20. 
As a corollary, we have Theorem 1.3.
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